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The context of crypto-assets and digital assets

For more details on blockchain infrastructure/actors/markets, see our
tutorial at SIAM FME Philadelphia, June 2023, [GM23]

Bitcoin’s Goal
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About Blockchain and its Evolution

What is a smart contract?

Other examples of Blockchain: Binance Smart Chain, Polygon,
Avalanche, Tezos . . .
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On-chain operations, in real time, at
https://txstreet.com

https://txstreet.com
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Differences between CEX and DEX

✓ CEX=Centralized Exchanges (off-chain): Binance, Coinbase · · ·
✓ DEX=Decentralized Exchanges (on-chain): smart contracts · · ·
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Traditional Finance: a few big centralized exchanges

Main exchanges for derivatives in the work in 2015, in terms of
number of contracts (in millions) - Source: Futures Industry
Association

▷ One asset ≈ one exchange ≈ one price at a given time
The market organisation is concentrated around few places.
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Crypto Finance: fragmented market

✓ Centralized Exchanges (off-chain)

✓ Decentralized Exchanges (on-chain):

Number of trades and liquidity pools, by decentralized exchange,
on Ethereum

✓ About 1700 cryptocurrencies traded on a daily basis

See AMM in the last part of the talk.



Quantitative
modelling of risks
in Decentralized

Finance

Emmanuel Gobet

The context of
crypto-assets and
digital assets

Market data and
statistical
modelling

Lending-
borrowing
protocols

Automated
Market Maker
Uniswap v3

Conclusion

It’s a bit like the Wild West!!
�

lack of standardization, only a part is regulated, a lot of freedom
(the spirit of libertiarism) in the design of new activitiess/services
owing to the blockchain, many innovations, new space for
quantitative modelling . . .

However...

On the other hand, regulators/banks are currently taking measures
regarding the trading and investment of digital assets:

✓ 2025, August 7 about pension funds: ”Trump on Thursday signed an
executive order that allows 401(k) accounts to invest in alternative assets”

✓ 2025, July 18: The GENIUS Act (Guiding and Establishing National
Innovation for U.S. Stablecoins Act) was signed into law by President Trump

✓ 2025 June: Recommendations about risk management of digital assets
issued by ESMA, EIOPA, EBA in Europe

✓ 2023 November about CBDC and DeFi AMM: Project Mariana between
BIS, Banque de France, Monetary Authority of Singapore, Swiss National
Bank

✓ Since 2023, Canton Network (BNP Paribas, Goldman Sachs, UBS,
Deutsche Börse, Moody’s, Cboe, . . . ): public-permissioned blockchain

✓ Bank projects: Forge (Société Générale), JPMorgan (Onyx), Citigroup (Citi
Token Services), Bank of America, Börse Stuttgart Digital, etc
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Aim of this talk

Overview of quantitative issues met in
this emerging field

Guided tour in selected topics:

✓ Market data and statistical modelling

✓ Lending-borrowing protocols

✓ Automated Market Maker

Please feel free to contact me if you look for a PostDoc position in
that context, with expertise in statistics, risk modeling, computer
science...
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What is the price of an asset or the rate between tokens X/Y?

▷ Limit Order Book in Traditional Finance

▷ Look at the exchange trading the asset and collect the price !!
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▷ What is the ”market consensus” price for a digital asset in a
fragmented market?

Example of time-series for a given pair on different CEXs.
For AMM on DEX, see later.
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Understanding data characteristics

Using Kaiko’s Instrument Explorer
https://instruments.kaiko.com/#/instruments and Trades
product https://docs.kaiko.com/#historical-trades.

✓ 67 pairs during 4 different days, including both stressed
(2022-05-05, 2022-06-12) and calm (2022-06-28, 2022-12-09)
periods in the market.

✓ 268 use cases (one pair for one period) for a total of 80,448,919
trades.

Number of trades Returns

Period Mean Std. Mean Std. Ann. Vol.

2022-05-05 96 156 −0.44 · 10−4 8 · 10−4 55%

2022-06-12 188 311 −0.19 · 10−4 15 · 10−4 104%

2022-06-28 94 149 −0.24 · 10−4 8 · 10−4 56%

2022-12-09 42 74 −0.04 · 10−4 5 · 10−4 36%

Table: Data statistics (number of trades, returns) per minute by discarding
5% of the lowest and the highest returns. The annualized volatility
associated with the standard deviation of the returns is added.

https://instruments.kaiko.com/#/instruments
https://docs.kaiko.com/#historical-trades
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(a) (b)

Figure: (a): Box plot of the estimated tail-index on the volumes (left), on
the price returns (middle) and on the product of the two (right) for all
considered pairs on 2022-05-05 (blue), 2022-06-12 (orange), 2022-06-28
(green) and 2022-12-09 (red).
(b): Box plot of the estimated upper tail dependence for all considered
pairs and periods.

In summary, both V and P are heavy tailed with dependence in the
tail
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The problem of aggregating fragmented prices to
get ONE price

�

Many sources of anomaly: Market corruption, Fat finger, Novice
investor, Premium (Korean), DEX trade, Underlying fees,
Arbitrage. . .
▷ Features:

✓ Crypto market is very volatile and its liquidity keeps increasing

✓ Price returns and volumes are known to be heavy-tailed

✓ Distributions vary a lot from one exchange to another

✓ All exchanges matter

▷ Constraints:

✓ need for real time aggregation, impossible to update the price in
the past (price/rate can be used for settlement)

✓ Reference rates are published every 5 seconds for derivative
pricing

✓ Need to robust statistics

✓ The aggregated time series should be without outlier (to
compute historical volatility. . . )
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The zoology of anomalies

▷ Exchange offset: Multiple regimes with large volume

▷ Large volatility: Prices are very volatile in one exchange
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▷ A few big trades: The BLUE exchange represents 3% of the
trades and 99% of the volume

▷ Outlier or Leader?
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▷ Liquidity issue: Low liquidity + multiple regimes + liquidity holes

▷ Exchange offset + Point anomalies + Noisy exchange
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▷ Market Movement: Quick market evolution (opportunity, crash,
news)

▷ Large Liquiditation: Order book cleaning
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▷ Flash crash

✓ Coinbase (major exchange) starts to deviate

✓ Similar volume and number of trades

✓ All liquidity on Coinbase

✓ Coinbase catches up – it was a flash crash due to algo trading
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Statistics/ML issues (many are open. . . )

✓ How to flag anomalies in real time, i.e. fast computation time?

✓ How to aggregate the price at one date? See Robust Weighted
Median later

✓ How to be reactive to market movement, i.e. avoid false
positive?

✓ How to detect which exchange is leading or lagging?

✓ How to model the vector of time-series for a given asset?
(accounting for exchange fees, arbitrage,. . . )

✓ How to detect that an exchange becomes an outlier among
other exchanges?

✓ How to price non traded pairs?

✓ How to aggregate CEX order books?

✓ . . .



Quantitative
modelling of risks
in Decentralized

Finance

Emmanuel Gobet

The context of
crypto-assets and
digital assets

Market data and
statistical
modelling

Lending-
borrowing
protocols

Automated
Market Maker
Uniswap v3

Conclusion

Price agreggation: existing methods

✓ Volume-Weighted Average Price (VWAP):

V̂WAPn :=

∑n
i=1 ViPi∑n
i=1 Vi

.

Used by [Nas22] to obtain the Nasdaq Crypto Index (NCI) and
by FTSE Russell [FTS22] to compute Digital Asset Reference
Prices.
++ Obeys to the FOREX symmetry rule
– – Not robust to price and volume outliers

✓ Volume-Weighted Median price (VWM):

V̂WMn := inf

{
p :

∑n
i=1 Vi1Pi≤p∑n

i=1 Vi
≥ 1

2

}
.

See Federal Reserve Bank of New York [Fed15] on interest rates.
At work at the Chicago Mercantile Exchange [PK16] [CF 22b]
[CF 22a] and Bloomberg [Gal18].
++ Robust to price outliers
– – Not robust to volume outliers
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Theoretical guidance about statistical fluctuations

Cumulative distribution function (c.d.f.) of the weighted price as

FW(x) :=
E [W · 1P≤x ]

E [W ]
, x ≥ 0.

WAP :=
E [W · P]
E [W ]

.

WM := arg inf
p

EW [|P − p|] .

qW(α) := inf

{
p :

E [W1P≤p]

E [W ]
≥ α

}
.

Data-based definitions:

ŴAPn :=

∑n
i=1 WiPi∑n
i=1 Wi

,

q̂W,n(α) := inf

{
p :

∑n
i=1 Wi1Pi≤p∑n

i=1 Wi
≥ α

}
,

ŴMn := q̂W,n

(
1

2

)
.



Quantitative
modelling of risks
in Decentralized

Finance

Emmanuel Gobet

The context of
crypto-assets and
digital assets

Market data and
statistical
modelling

Lending-
borrowing
protocols

Automated
Market Maker
Uniswap v3

Conclusion

Assumptions

(H0): The c.d.f. FW has a density fW:

FW(x) =

∫ x

0

fW(x
′)dx ′.

(Hκ
X): X has a finite moment of order κ > 2: E [Xκ] < +∞.

(HΓ
X): X has a sub-gamma distribution, i.e. E

[
ecX

]
< +∞ for some

c > 0.

(HG
X): X has a sub-Gaussian distribution, i.e. E

[
ecX

2
]
< +∞ for

some c > 0.
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Asymptotic fluctuations on WM and WAP

Theorem

Under L2 conditions on W and P,

√
n (q̂W,n(α)− qW(α)) ⇒ N (0, . . . ) ,
√
n
(
ŴAPn − WAP

)
⇒ N (0, . . . ) .

Mathematically interesting but non-relevant in practice (small n)
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Non-asymptotic fluctuations on WM and WAP

Q>
n (α, x) := P

(
q̂W,n(α) − qW(α) >

x
√

n

)
, Q≤

n (α, x) := P
(
q̂W,n(α) − qW(α) ≤ −

x
√

n

)
,

W≥
n (x) := P

(
ŴAPn − WAP≥

x
√

n

)
, W≤

n (x) := P
(
ŴAPn − WAP ≤ −

x
√

n

)
.

Simplified bounds (Theorems)

max(Q>
n (α, x),Q≤

n (α, x)) max(W≥
n (x),W≤

n (x))

Sub-Gaussian assumptions exp
(
−cx2

)
exp

−
cx2

1 + c x2
n


for X = . . . X = W , no condition on W X = W and X = W · P

Sub-gamma assumptions exp

−
cx2

1 + c x√
n

 exp

−
cx2(

1 + c x√
n

)3


for X = . . . X = W , no condition on W X = W and X = W · P

Heavy-Tail assumptions
c

n
κ
2
−1

xκ
+ exp

(
−cx2

) c

(
1 + x√

n

)κ
n
κ
2
−1

xκ
+ exp

−
cx2

1 + c x2
n


for X = . . . , for κ > 2 X = W , no condition on W X = W and X = W · P

Define RWM by setting W = log(1 + V /q0.5(V )) which is sub-gamma
distributed.
Proof: use the arsenal of concentration inequalities
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Experiments on real data

0 200 400 600 800 1000 1200 1400
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(a)

0 200 400 600 800 1000 1200 1400
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(c) (d)

Figure: (a)-(b): Comparison between V̂WMn (blue), V̂WAPn (orange) and R̂WMn (green) on real
data aggregation per minute of the pair eth/btc (a) and zec/btc (b) on 2022-06-28.

(c): Box plot of the annualized RV (over all pairs) from V̂WMn (left), V̂WAPn (middle) and R̂WMn
(right) on 2022-06-28 (blue), on 2022-06-12 (orange), on 2022-09-12 (green) and on
2022-05-05 (red). The mean is emphasized by a red triangle and outliers are discarded.
(d)Box plot of the annualized RV taking into account outliers with the y-axis in log-scale.
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Lending-borrowing protocols

Work with Louis Latournerie (PhD student).

✓ Run in the blockchain, everything encoded in smart contract

✓ Principle:
✓ lending tokens allow for earning returns
✓ they can serve also as collaterals to borrow other tokens

(and paying interest rates)
✓ the interest rate depends on the utilization rate of the pool
✓ if the collateral is not enough (Health Factor), the position

may be automatically liquidated

✓ Examples: Aave, Compound, Morpho
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Amount of assets in Aave

As of January 31 st, 2025:

✓ Total of 38 pools (7 pools in 2023, 50 pools as of today)

✓ About 40 digital assets (WETH, USDC, USDT, DAI, WBBTC,
LINK, . . . )

✓ 25,000 depositors (> $100)

✓ 14,000 borrowers (> $100)

✓ Around $30 billion deposited, $12 billion borrowed
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Interest rate

✓ It depends on the utilization rate of the asset in the Aave pool
(multi-agent problems)

This feature contributes to the robustness of the protocol

✓ Borrowing rate > lending rate
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Liquidation

✓ For a given user, write Vi,t for the amount in asset i :
Vi,t > 0 if lending, Vi,t < 0 if borrowing

✓ At any time, a Health Factor is computed

HFt =

∑
i V

+
i,tLTi∑
i V

−
i,t

where LTi is the liquidation threshold (about 75%)

✓ If HFt ≤ 1, then anyone can take the role of liquidator: repay
the debt, take an equivalent amount of collateral, augmented by
the liquidation bonus (which depends on the assets, typically
around 5%).

✓ Like a knock-out option (very sudden)
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A few examples based on real data

June 14th 2024: HF≈ 1.02,
the risk of liquidation is
quite high!

March 18th 2024: HF
moves from 1.10 (ok!) to 1,
the risk of liquidation gets
higher and higher!

August 5th 2024: HF moves
suddenly from 1.10 (ok!) to
1, the liquidation yields a
loss of about 500k$ (about
17% of the collateral)



Quantitative
modelling of risks
in Decentralized

Finance

Emmanuel Gobet

The context of
crypto-assets and
digital assets

Market data and
statistical
modelling

Lending-
borrowing
protocols

Automated
Market Maker
Uniswap v3

Conclusion

Quantitative modeling issues to handle

✓ Compute the term structure of borrowing interest rate (including
the liquidation risk), Latournerie PhD thesis

✓ Assess the systemic risk (bad debt can happen when jump/gap
risk occurs)

✓ Design of safe and robust lending-borrowing protocol
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Automated Market Maker (AMM)

Q: How to permit the automated execution of buy and sell orders in
a blockchain (without Limit Order Book and a 3rd party)?

Pools based DEXs General Functioning

✓ The amount of tokens for each trade is decided by the
algorithm of the pool

✓ Rules according to a Constant Function Market Making

✓ Exemples: Balancer, Curve, mStable, Sushiswap, Uniswap, etc

✓ Transactions are on-chain.
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Uniswap v2 - Principles

✓ Based on the Constant Function Market Makers:

I(x , y) = x · y .y

x

p

L ↑↑

L ↓↓

p =
y

x

x · y = L2

Figure: How prices and
quantities can evolve in a
Uniswap v2 protocol

✓ Price/tokens/liquidity relations:

x =
L√
p
=

L

π
and y = L

√
p = L · π.

where p is the pool price and π is the square root price
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Uniswap v3 - Principles

Detailed analysis from the source code in [EGM25].

✓ Concentration of liquidity. An LP provides an amount of
liquidity L on a price range [pℓ, pu): deposit of xr and yr

✓ Swap trades. Tokens are used by swap operations as long as the
price is in the range [pℓ, pu). When the price reaches pℓ (resp.
pu), all reserves of tokens Y (resp. X ) will have been depleted.

✓ Localized Constant Function Market Maker. On the price
range [pℓ, pu), the constant product rule x · y = L2 applies with
the main difference that x and y denote virtual token reserves
instead of real reserves.

xoffset

yoffset

y

x

pu

pl

Representation of the virtual num-
bers (x , y) and the offset numbers
(xoffset, yoffset) of tokens:{

x = xr + xoffset,

y = yr + yoffset.

=⇒
(
xr +

L

πu

)
· (yr + L · πℓ) = L2.
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Example of Liquidity curve

Figure: On the left: the liquidity curve.
On the right: the CPMM relation on each range.

✓ Not all tick ranges can actually be used to update liquidity: the
ranges are a multiple of a fixed number δπ of ticks, which is
ruled at the setting of the pool, according to the swap fees ϕ.

✓ A range of δπ ticks is called unitary range.

✓ One tick is 1 basis point.

✓ δπ = 2, 10, 60, 200, according to swap fees
ϕ = 0.01%, 0.05%, 0.3%, 1%
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Value of a LP position in a unitary range

For R = [πℓ, πu), define the projected square root price function:

π −→ πR =


πu if πu < π0,

πℓ if π0 < πℓ,

π otherwise.
0.8 0.9 1.0 1.1 1.2

0.900

0.925

0.950

0.975

1.000

1.025

1.050

1.075

1.100

Projection function πR

πR over the range R = [0.90, 1.10]

Theorem (VP on a unitary range)

Adding a liquidity ∆L on the unitary range R at time 0 gives that the
Y -value of the LP position equals to

VP(t) = ∆L · gR(pt) with gR(pt) :=

(
1

πR
t

− 1

πu

)
· pt + (πR

t − πℓ),

given as a function of the square root price πt :=
√
pt at time t.

0.00060 0.00062 0.00064 0.00066 0.00068

0.000235

0.000240

0.000245

0.000250

0.000255

0.000260

VP V3 wrt Price for
 different price ranges (different colors)

VP

VP(t = 0)
VP

VP(t = 0)
VP

VP(t = 0)
p0

Value of the pool for 3 different price ranges (orange,
blue, green). The dashed vertical lines in each color
represent the considered unitary ranges in the vari-
able price p. The dashed horizontal lines represent
the initial value of the pool for the price p0 depicted
in red.
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Value of a LP position with arbitrary liquidity curve

Theorem (VP on multiples ranges)

Consider a liquidity provider adding a liquidity curve (∆Lπ)π to the
pool at time t = 0. Then, its Y -value net of swap fees at time t is

VP(t) = pt ·
∫ +∞

πt

∆Lπ

π2
dπ +

∫ πt

0

∆Lπdπ.

✓ Remarkably simple! Valid for any occurence of swap trades or
other mint/burn events.

Corollary (Greeks of VP)

The Delta and Gamma of the Y -value of the LP position is

∆P(t) =

∫ +∞

πt

∆Lπ

π2
dπ, Γ−

P (t) = −
∆L

π−
t

2π3
t

, Γ+
P (t) = −∆Lπt

2π3
t

.

In particular, such a position is always concave in the spot rate.

✓ Any market move leads to (impermanent) loss for the LP
✓ The negative gamma is compensated by fees (see later)
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Swap traders and fees bookkeeping

✓ Contrarily to Uniswap v2 pools, fees are not considered as
additional tokens in the reserves of the Uniswap v3 pool
�

open problem for approximation fees in Uniswap v2

✓ Uniswap v3 fees are concentrated specifically on each range

✓ If aXi is the number of tokens added by a swap trader to swap X
for Y at ti in R, then

∆ΦX
R =

∑
swap X for Y at ti in R

aXi
1− ϕ

· ϕ
Li

Similarly for Y

✓
�

Getting a simple formula for the fees requires a model for the
sequence of stochastic aXi and aYi
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Analytical formula for fees

Theorem (Fees in X and Y accumulated over [0,T ])

Assume

✓ Angeris [AKC+21] arbitrage model : the swap trades occur when
the latent price process (pt)t changes by ϕ%

ti+1 := inf
{
t ≥ ti : pt = pti (1 + ϕ)±1

}
✓ The latent price process follows an Itô dynamics of the form

dpt
pt

= µtdt + σtdWt ,

Then, the following convergences hold in probability (as ϕ → 0):

FeesX0→T →
∫ +∞

0

∆L
b
1
2

Ab
T (p)

4 · b5/2
db,

FeesY0→T →
∫ +∞

0

∆L
b
1
2

Ab
T (p)

4 · b3/2
db,

where Ab
T (p) is the local time of p at level b and time T .
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As a consequence, the value of the global LP-position is

J
(
t, (∆Lπ)π

)
= pt

∫ ∞

πt

∆Lπ
π2

dπ +

∫ πt

0

∆Lπdπ

+ pt

∫ +∞

0

∆L
b

1
2

Ab
T (p)

4 · b5/2 db +

∫ +∞

0

∆L
b

1
2

Ab
T (p)

4 · b3/2 db.

Next questions

✓ When to exit? optimal stopping problem?

sup
t∈T (R+)

E
[
J
(
t, (∆Lπ)π

)]
,

where the set T (R+) is the set of F-stopping times taking finite
non-negative values with probability 1.

✓ In which ranges to invest (add liquidity)?

Theorem

It is systematically better for the LP to burn each piece of liquidity
∆Lπ at different times than to burn the entire liquidity curve (∆Lπ)π
at once.
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+ pt
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1
2

Ab
T (p)
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Now

✓ consider a single unitary range R and a unit liquidity, then the
value of the LP position is

JR(t) = gR(pt) +
1

4
pt

∫ t

0

σ2
s p

−1/2
s 1ps∈Rds +

1

4

∫ t

0

σ2
s p

1/2
s 1ps∈Rds

✓ assume that p is martingale.

Theorem

The value
Ut := ess sup

s∈T ([t,+∞))

E
[
JMR (s) | Ft

]
is a super-martingale, which admits a right-continuous modification.
If t⋆0 = inf{t ≥ 0 : Ut = JR(t)} is finite with probability one, it is the
smallest optimal stopping time. If P(t⋆0 < ∞) < 1, there is no
optimal stopping time.

Theorem

supt∈T (R+) E [JR(t)] is invariant by time-change and thus, it can be
computed in the case σ = 1 (Dambis-Dubins-Schwarz time-change).
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Theorem

In the case of martingale GBM case, there is no optimal stopping
time and the sup is computed along sequences of stopping time
increasing to +∞: the LP has better to stay in the pool forever.

Proof.

✓ Consider ε-optimal stopping times

✓ Show that the sup can be computed by maximizing over exit times
from intervals [ε, λ] for ε ↓ 0 and λ > 0

✓ Use explicit formulas (GBM) for occupation time measure stopped
at exit times

✓ Optimize to get the result
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What is the return for the LP?

Consider the return with rate c, and stop at the exit time from [0, λ]:

V λ,c(p0) := E
[
e−ctλgR(ptλ) + ptλ

σ2

4

∫ tλ

0

e−csp−1/2
s 1ps∈Rds

+
σ2

4

∫ tλ

0

e−csp1/2s 1ps∈Rds | p0
]
.

The best value for the LP is

sup
λ>0

V λ,c(p0).

If c is too high, then one could expect that the above value equals to
the initial investment gR(p0), i.e. the LP can not beat such target
return and he has better to exit immediately (λ = p0).
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Equivalent interest rate of return

Equivalent interest rate of return c⋆ for the LP:

c⋆ := max

{
c > 0 : sup

λ>0

V λ,c(p0)

gR(p0)
> 1

}
.

✓ c⋆ depends on R, on p0 and on the volatility σ

✓ By time-scale argument, we have c⋆(R, p0, σ) = σ2 · c⋆(R, p0, 1).
Using PDE methods, one can compute c⋆(R, p0, 1) and get

2980 3000 3020 3040 3060 3080 3100 3120 3140
p0

0.410

0.412

0.414

0.416

0.418

0.420

0.422

0.424
Re

tu
rn

 r
at

e 
c

✓ It is better the LP adds liquidity in the unitary range R such
that p0 ∈ R

✓ For 50% volatility, the expected return is 0.425 ∗ 0.52 ≈ 10.6%!!
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Conclusion

What we have seen:

✓ Fragmented market: need for statistical modeling in large
dimension, with robust techniques

✓ Lending-borrowing protocol: appealing but liquidation risk is
here. What about systemic risk?

✓ Uniswap v3: asymptotic analysis can be applied to assess the
returns for LP

and still a lot of research needs on these topics.

But many quantitative issues also on:

✓ Implied volatility: lack of standardization of products, how to
compare option prices on similar tokens?

✓ Derivatives: Futures, Perpetuals... need for arbitrage modeling.

✓ Interest rate modeling: no central bank, fragmented view point

✓ Stable coin

Thank you!
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