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For more details on blockchain infrastructure/actors/markets, see our
tutorial at SIAM FME Philadelphia, June 2023, [GM23]

Bitcoin: A Peer-to-Peer Electronic Cash System

Satoshi Nakamoto
satoshin@gmx.com
‘wwwbitcoin.org

2009

Abstract. A purely peer-to-peer version of electronic cash would allow online
payments to be sent directly from one party to another without going through a
financial institution. Digital signatures provide part of the solution, but the main
benefits are lost if a trusted third party is still required to prevent double-spending.
W solution to the doubl i using a peer-to-p:

‘The network timestamps transactions by hashing them into an ongoing chain of
hash-based proof-of-work, forming a record that cannot be changed without redoing
the proof-of-work. The longest chain not only serves as proof of the sequence of
events witnessed, but proof that it came from the largest pool of CPU power. As
long as a majority of CPU power is controlled by nodes that are not cooperating to
attack the network, they'll generate the longest chain and outpace attackers. The
network itself requires minimal structure. Messages are broadcast on a best effort
basis, and nodes can leave and rejoin the network at will, accepting the longest
proof-of-work chain as proof of what happened while they were gone.

Source: Nakamoto, S. (2008). Bitcoin whitepaper. URL: https:/bitcoin. org/bitcoin. pdf-(: 17.07. 2019).

What is bitcoin about ?

Bitcoin is a peer-to-peer form of digital cash, enabling one
individual to transfer value to another digitally without
the need for specific third-party intermediaries to
approve or deny the transaction.
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A Revolution for
trust, privacy,
and security.
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Bitcoin ‘ Ethereum
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Bitcoin allows transfers between users. It is The Ethereum blockchain was born a few years
like having a software that can do only one after bitcoin, in 2014.
thing: transactions

The native crypto of that chain is called ether
Would be possible to have more features ? To (ETH).

allow more actions than simple transactions ? N
Ethereum also allows direct transactions

between users, but there is a major change:
Ethereum allows computer programs to run
directly on the blockchain !

I promise you the following

Immutable. T will never modify or change your code.

Authenticated calls. I will always run the function you tell me too

(assuming the code allows me!).

3. Atomic. I will never let code execution “stop half way” it is ALL or
NOTHING with me.

4. No privacy. I like to gossip and I can’t keep secrets - Everything you tell

me will be public knowledge.

op

Other examples of Blockchain: Binance Smart Chain, Polygon,
Avalanche, Tezos ...
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Differences between CEX and DEX )

v CEX=Centralized Exchanges (off-chain): Binance, Coinbase - - -
v DEX=Decentralized Exchanges (on-chain): smart contracts - - -

Centralized Exchanges (CEXs)

Centrally managed (off-chain)
Exchange controls your assets
Listing fees and due diligence for new
trading pairs

Regulatory jurisdictions and KYC
Barriers to market making

Uses an order book

You cannot trade if the exchange is
down

" Off-chain accounts «- blockchain
’ wallets

Decentralized Exchanges (DEXs)

Decentralized protocol (on-chain)

You control your assets

Anyone can list a pair by creating a new
liquidity pool

No regulation or KYC

Anyone can be a market maker
Automated Market Maker

Data recorded directly on the blockchain



Main exchanges for derivatives in the work in 2015, in terms of
Association

number of contracts (in millions) - SOURCE: Futures Industry

> One asset = one exchange = one price at a given time
The market organisation is concentrated around few places.
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Crypto Finance: fragmented market J

v Centralized Exchanges (off-chain)

BITFINEX coinbase BTC SUPPLY HELD ON EXCHANGES coN
3 19 Deribit e
/#/BIitMEX LHAX Dot
BITTREX B3 okcoIN

v Decentralized Exchanges (on-chain):

# Trades Exchange # Pools % # Mints #Burns
960924 curv 344 0,16% 566152 421482
1398792 blc2 1275 0,59% 93864 44279
471382 crv2 18 0,01% 18261 11276
114814668 usp2 195403 90,03% 3924111 1740615‘
11976425 sush 3684 1,70% 531695 308206
32452350 usp3 13037 6,01% 1108823 1242071
2787827 bler 3291 1,52% 305293 200417

Number of trades and liquidity pools, by decentralized exchange,
on Ethereum

v/ About 1700 cryptocurrencies traded on a daily basis
See AMM in the last part of the talk.



@ lack of standardization, only a part is regulated, a lot of freedom

(the spirit of libertiarism) in the design of new activitiess/services

owing to the blockchain, many innovations, new space for
quantitative modelling ...

«O> «Fr «=)r « =)
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It's a bit like the Wild West!! )

g% lack of standardization, only a part is regulated, a lot of freedom
(the spirit of libertiarism) in the design of new activitiess/services
owing to the blockchain, many innovations,

However...

On the other hand, regulators/banks are currently taking measures
regarding the trading and investment of digital assets:

v

v

2025, August 7 about pension funds: " Trump on Thursday signed an
executive order that allows 401(k) accounts to invest in alternative assets”

2025, July 18: The GENIUS Act (Guiding and Establishing National
Innovation for U.S. Stablecoins Act) was signed into law by President Trump

2025 June: Recommendations about risk management of digital assets
issued by ESMA, EIOPA, EBA in Europe

2023 November about CBDC and DeFi AMM: Project Mariana between
BIS, Banque de France, Monetary Authority of Singapore, Swiss National
Bank

Since 2023, Canton Network (BNP Paribas, Goldman Sachs, UBS,
Deutsche Bérse, Moody's, Cboe, ...): public-permissioned blockchain

Bank projects: Forge (Société Générale), JPMorgan (Onyx), Citigroup (Citi
Token Services), Bank of America, Borse Stuttgart Digital, etc



Guided tour in selected topics:

v Market data and statistical modelling
v Lending-borrowing protocols

v Automated Market Maker

Please feel free to contact me if you look for a PostDoc position in
that context, with expertise in statistics, risk modeling, computer

DA
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What is the price of an asset or the rate between tokens X/Y?

> Limit Order Book in Traditional Finance
Market data and
statistical
modelling Mid Price

Takers
Take liquidity by
placing buy orders

Makers
Provide liquidity by
placing sell orders

ORDER BOOK

A trade occurs if the buy / sell orders match up

> Look at the exchange trading the asset and collect the price !!



> What is the "market consensus” price for a digital asset in a
fragmented market?

btc-usd 2023-03-12 06:00:00-2023-03-12 07:00:00

21600

21400 =

21200 —J
8
& 21000 ‘

20800

e R S ——
20600 ‘
20400 ‘
1206:00  1206:10  1206:20  1206:30  1206:40  1206:50 12 07:00

Timestamp

Example of time-series for a given pair on different CEXs.
For AMM on DEX, see later.
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Understanding data characteristics

Using Kaiko's Instrument Explorer
https://instruments.kaiko.com/#/instruments and Trades
product https://docs.kaiko.com/#historical-trades.

v/ 67 pairs during 4 different days, including both stressed
) and calm (2022-06-28, 2022-12-09)

(2022-05-05,
periods in the market.
v 268 use cases (one pair for one period) for a total of 80,448,919

trades.
| H Number of trades H Returns ‘
l Period H Mean ‘ Std. H Mean ‘ Std. ‘ Ann. Vol. ‘
2022-05-05 96 156 —0.44-107*] 8-107° 55%
188 311 —0.19-107* [ 15-107* 104%
2022-06-28 94 149 —0.24-107* | 8-107° 56%
2022-12-09 42 74 —0.04-107*| 5.107*% 36%

Table: Data statistics (number of trades, returns) per minute by discarding
5% of the lowest and the highest returns. The annualized volatility
associated with the standard deviation of the returns is added.


https://instruments.kaiko.com/#/instruments
https://docs.kaiko.com/#historical-trades
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(a) (b)
Figure: (a): Box plot of the estimated tail-index on the volumes (left), on
the price returns (middle) and on the product of the two (right) for all
considered pairs on 2022-05-05 (blue), 2022-06-12 (orange), 2022-06-28
(green) and 2022-12-09 (red).
(b): Box plot of the estimated upper tail dependence for all considered
pairs and periods.

In summary, both V and P are heavy tailed with dependence in the
tail
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Quantitative

nwinsorws | he problem of aggregating fragmented prices to
get ONE price

Finance

Emmanuel Gobet

Market corruption, Fat finger, Novice
Moot Aot and |nve.stor, Premium (Korean), DEX trade, Underlying fees,
statistical Al’bltl’age. .

modelling

Crypto market is very volatile and its liquidity keeps increasing
Price returns and volumes are known to be heavy-tailed
Distributions vary a lot from one exchange to another

NN NS

All exchanges matter

v/ need for real time aggregation, impossible to update the price in
the past (price/rate can be used for settlement)

v/ Reference rates are published every 5 seconds for derivative
pricing

v Need to robust statistics

v The aggregated time series should be without outlier (to
compute historical volatility. . .)



> Exchange offset: Multiple regimes with large volume

1s Trades elon-usdt 2024-03-11 03:36:45.645439-2024-03-11 15:36:4 Trades sns-usdt 2024-03-11 03:36:45.645439-2024-03-11 15:36:45.645439
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> Exchange offset: Multiple regimes with large volume

1s Trades elon-usdt 2024-03-11 03:36:45.645439-2024-03-11 15:36:4 Trades sns-usdt 2024-03-11 03:36:45.645439-2024-03-11 15:36:45.645439
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> Large volatility: Prices are very volatile in one exchange

.., Trades pooh-usdt 2024-03-11 23:05:18.666866-2024-03-12 11:05:18.666866
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> A few big trades: The BLUE exchange represents 3% of the
trades and 99% of the volume

zec-btc 2023-03-11 13:00:00-2023-03-11 14:00:00 5000 zec-btc 2023-03-11 13:00:00-2023-03-11 14:00:00
00020 i E & v % & § & & 3
4000

0.0019

0.0018 | , 3000
8 g
£ e

0.0017 2000

00016 1000 J

0.0015 N s o

N N3 > S © S N N3 > S D S <
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> A few big trades: The BLUE exchange represents 3% of the
trades and 99% of the volume

zec-btc 2023-03-11 13:00:00-2023-03-11 14:00:00 5000 zec-btc 2023-03-11 13:00:00-2023-03-11 14:00:00
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0.0017 2000 =

0.0016 1000 - :

00015 ' . o

QS S O Q S O
R A S R S A S
> Qutlier or Leader?
btc-usd 2023-03-12 123-03-12 07:00:00 be-usd 2023-03-12 06:50:00-2023-03-14 00:00:00
21400
21200 r‘
v

21000 T L] 23000
g H :
H

20800 I 22000

. ’ ———he o]

g iy a 21000
20400 b m ek sent as semormemtresne dun ¢ afuussa 40
37206 31272 031218 031300 031306 031N 031318 031400
CLELELSEELSE LS nd




> Liquidity issue

. Low liquidity + multiple regimes + liquidity holes

Trades sofi-usdt 2024-03-26 23:11:32.033772-2024-03-27 11:11:32.033772
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> Liquidity issue: Low liquidity + multiple regimes + liquidity holes

Trades sofi-usdt 2024-03-26 23:11:32.033772-2024-03-27 11:11:32.033772
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Timestamp

> Exchange offset + Point anomalies + Noisy exchange

doge-usdt 2024-01-29 00:00:00-2024-01-29 02:00:00
0.07925 I

0.07900
0.07875

0.07850
% 0.07825
0.07800
0.07775

0.07750
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> Market Movement: Quick market evolution (opportunity, crash,

news)
Trades pokt-usdt 2024-03-26 23:11:32.033772-2024-03-27 11:11:32.033772
0.55 .
0.50
0.45
0.40
o
g
£035
0.30
0.25
0.20 P
o & > ® o
a° © a°® 3 o A
a /] a e e
& & & & N &
Timestamp
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> Market Movement: Quick market evolution (opportunity,
news)

Trades pokt-usdt 2024-03-26 23:11:32.033772-2024-03-27 11:11:32.033772
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Timestamp

> Large Liquiditation: Order book cleaning

steth-usdt 2023-07-07 00:00:00-2023-07-08 00:00:00
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crash,



> Flash crash

btc-eur 2024-03-05 17:00:00-2024-03-05 17:15:00

e  krkn
60000 .+ o
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54000 o by
o omi
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52000 . keon
*  okex
«  bpnd
50000 I < amt
< <$ 0 N
NS Y IS Q&

v Coinbase (major exchange) starts to deviate
v/ Similar volume and number of trades
v All liquidity on Coinbase

v/ Coinbase catches up — it was a flash crash due to algo trading
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> Flash crash

btc-eur 2024-03-05 17:00:00-2024-03-05 17:20:00
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v Coinbase (major exchange) starts to deviate
v Similar volume and number of trades
v All liquidity on Coinbase

v/ Coinbase catches up — it was a flash crash due to algo trading
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> Flash crash

btc-eur 2024-03-05 17:00:00-2024-03-05 17:30:00

o kikn
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58000 *te *  binc
H H ©  bbsp
. o gmi
56000 . o max
8 3 e bfnx
& ! o bfly
54000 H = sl
. « bisp
52000 = leon
. *  okex
: « bpne
50000 ' e o
o ° o ° S o s e

S S N N o o )

NS NS K\ NS X K\ NS

v Coinbase (major exchange) starts to deviate
v Similar volume and number of trades
v All liquidity on Coinbase
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> Flash crash

btc-eur 2024-03-05 17:00:00-2024-03-05 17:50:00 Krkn

* crco
60000 S (bsa
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v Coinbase (major exchange) starts to deviate

v Similar volume and number of trades

v All liquidity on Coinbase

v Coinbase catches up — it was a flash crash due to algo trading
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Statistics/ML issues (many are open...)

How to flag anomalies in real time, i.e. fast computation time?

How to aggregate the price at one date? See Robust Weighted
Median later

How to be reactive to market movement, i.e. avoid false
positive?
How to detect which exchange is leading or lagging?

How to model the vector of time-series for a given asset?
(accounting for exchange fees, arbitrage,...)

How to detect that an exchange becomes an outlier among
other exchanges?

How to price non traded pairs?
How to aggregate CEX order books?



Quantitative

modeling of sk Price agreggation: existing methods
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Emmanuel Gobet v Volume-Weighted Average Price (VWAP):

Market data and
statistical
modelling

Used by [Nas22] to obtain the Nasdaq Crypto Index (NCI) and
by FTSE Russell [FTS22] to compute Digital Asset Reference
Prices.

++ Obeys to the FOREX symmetry rule

— — Not robust to price and volume outliers

v Volume-Weighted Median price (VWM):

See Federal Reserve Bank of New York [Fed15] on interest rates.
At work at the Chicago Mercantile Exchange [PK16] [CF 22b]
[CF 22a] and Bloomberg [Gal18].

++ Robust to price outliers

— — Not robust to volume outliers



Cumulative distribution function (c.d.f.) of the weighted price as
Fa(x) = E[W - 1p<]

> (.

E[W] x20
E[W - P]
WAP =

E[W]

WM := arg inf Ey[|P — p|]
P

gu(e) == inf {p : E[I:EA/[;;]SP] > a} .
Data-based definitions

2 iy WiPi
27 1 Wi ,

— . w;l
qun(e) == mf{ : X Wile<p

—~

>

Zl 1W B }
(1

wMn::qh',n = |-

2

WAP, :=
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(HO): The c.d.f. Fy has a density #;:

At = | )

(H%): X has a finite moment of order x > 2: E[X*] < +o0.

(H%): X has a sub-gamma distribution, i.e. E [eX] < +o0 for some
c>0.

(H$): X has a sub-Gaussian distribution, i.e. E [eCX ] < +oo for
some ¢ > 0.

«O> «Fr «=>»
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Under L, conditions on W and P,

Vi (Gun(a) = qu(a)) = N (0,...),
\/E(VTA\P,,—WAP> = N(0,...).

Mathematically interesting but non-relevant in practice (small n)

«O> «Fr «=>»
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Q">(o¢,x) =P (ﬁ,,\,,(a) — qu(a) > i) s

vn
an(x) =P (ﬂ?n - WAPZ%) s

Qns (o, x) =P (ﬁ,,\n(a)

W"S(x) =P (

—w(a)s—é),

WAP, — WAP < —i) .
n
[[ max(e7 (@0, 07 (a.x) | max(W (), W ()
o2
Sub-Gaussian assumptions exp (7cx2) exp | ————
1+ cXs
for X = ... X = W, no condition on W X=Wand X =W .P
( o2 ) o2
Sub-gamma assumptions exp | — x exp | — 3
ttes (1 + cﬁ)
for X = ... X = W, no condition on W X=Wand X =W.P
¢ c (1 + %)n o2
Heavy-Tail i I3 + exp (—cxz) I3 U +exp | — 5
n3 "l a2 "l 1+CXT
for X = ... forx >2 X = W, no condition on W X =Wand X =W.P
Define RWM by setting W = log(1 + V//qo.5(V)) which is sub-gamma
distributed.

Proof: use the arsenal of concentration inequalities

DA
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Figure: (a)-(b): Comparison between VM, (blue), VWAP, (orange) and RWM, (green) on real
data aggregation per minute of the pair eth/btc (a) and zec/btc (b) on 2022-06-28.

(c): Box plot of the annualized RV (over all pairs) from ViM, (left), VWAP, (middle) and RWM,
(right) on 2022-06-28 (blue), on 2022-06-12 (orange), on 2022-09-12 (green) and on
2022-05-05 (red). The mean is emphasized by a red triangle and outliers are discarded.
(d)Box plot of the annualized RV taking into account outliers with the y-axis in log-scale.
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Lending-borrowing protocols

Work with (PhD student).
v Run in the blockchain, everything encoded in smart contract
v Principle:

v lending tokens allow for earning returns
v they can serve also as collaterals to borrow other tokens
(and paying interest rates)
v the interest rate depends on the utilization rate of the pool
v if the collateral is not enough (Health Factor), the position
may be automatically liquidated
v/ Examples: Aave, Compound, Morpho

Liquidity Pool
Reserves
-
OEEEE
deposns as collateral deposits
-‘ [~

Borrower Depositor



1e10 Total Deposits Per Asset 1e10 Debt C ition Over Time

00
2304 22307 202410 202601 202404 20407 202610 202501 202504 202507 20307 202310 202601 202604 202407 202410 202501
Time Time

As of January 31 st, 2025:
v Total of 38 pools (7 pools in 2023, 50 pools as of today)

v About 40 digital assets (WETH, USDC, USDT, DAI, WBBTC,
LINK, ...)

v 25,000 depositors (> $100)
v 14,000 borrowers (> $100)
v Around $30 billion deposited, $12 billion borrowed

[} [ =
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v It depends on the utilization rate of the asset in the Aave pool
(multi-agent problems)

Utilization Rate
INTEREST RATE STRATEGY
83.55% ¢

Optimat 823
rrent '

o% 25% s0% 5% 100%

 Borrow APR, variable e Utilization Rate

ox

o

This feature contributes to the robustness of the protocol
v Borrowing rate > lending rate

L Rates and Utilization Ratio (WETH Reserve)

L e

Annual Rates (%)

Utilzation Ratio

- [y

202308 20507 202310 202401 202304 202407 202410 202501 202504 202507
Time
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v For a given user, write V; ; for the amount in asset i
Vi > 0 if lending, V;. < 0 if borrowing
v At any time, a Health Factor is computed
i, = 2 Vil i
>i Vi
where LT; is the liquidation threshold (about 75%)

Health Factor Repartition Over Time

202304 202307 202310 202001 200404 202007 202410 202501
Time

v If HF; <1, then anyone can take the role of liquidator: repay
the debt, take an equivalent amount of collateral, augmented by

the liquidation bonus (which depends on the assets, typically
around 5%).

v Like a knock-out option (very sudden) _

Y- N
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User Account Data Before Liquidation

mmnh’_/’ﬂ—/ﬁ_lﬁT e June 14th 2024: HF~ 1.02,

- ¢ the risk of liquidation is

Deposits / Borrows ()

1008
- uite high!
- L e w4 gn:
ot e 05DC + UsDT + 04
12000 i 100

061316 061320 061400 061404 051408 061312 061416 061420 061300
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User Account Data Before Liquidation

C T March 18th 2024 HF

e “:  moves from 1.10 (ok!) to 1,
£ the risk of liquidation gets
| = - higher and higher!

Deposits / Borrows ()

35 el User Account Data Before Liquidation

o - August 5th 2024: HF moves
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v Compute the term structure of borrowing interest rate (including
the liquidation risk), Latournerie PhD thesis

v Assess the systemic risk (bad debt can happen when jump/gap
risk occurs)

v Design of safe and robust lending-borrowing protocol
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Q: How to permit the automated execution of buy and sell orders in
a blockchain (without Limit Order Book and a 3rd party)?

“
Liquidity Liquidity Pool

Traders
providers % DAI/ETH
—

oo o Deposit @ @ o

00 e
1> DB oege  ®
Withdraw @ @ O O

v/ The amount of tokens for each trade is decided by the
algorithm of the pool

v Rules according to a Constant Function Market Making

v/ Exemples: Balancer, Curve, mStable, Sushiswap, Uniswap,
v Transactions are on-chain.

tc

0]
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v Based on the Constant Function Market Makers:

y I(x,y)=x"y.

\

\

v\ L
\\ \.\_\ M Y
L\ N x Figure:  How prices and
\ "\, e .
\ v , quantities can evolve in a
\_\p \.\ r-y=1L Uniswap v2 protocol

L \L\L Sl

T
v Price/tokens/liquidity relations

y=L/p=L-7

where p is the pool price and 7 is the square root price
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Quantitative
modelling of risks
in Decentralized
Finance

Emmanuel Gobet

Automated
Market Maker
Uniswap v3

Uniswap v3 - Principles

Detailed analysis from the source code in [EGM25].

v

v

An LP provides an amount of
liquidity L on a price range [py, py): deposit of x, and y,

Tokens are used by swap operations as long as the
price is in the range [pg, py). When the price reaches py (resp.
pu), all reserves of tokens Y (resp. X) will have been depleted.

On the price
range [pe, pu), the constant product rule x - y = L2 applies with
the main difference that x and y denote virtual token reserves
instead of real reserves.

y Representation of the virtual num-

bers (x,y) and the offset numbers
} (Xoffseta )/offset) of tokens:

\
I’u\' X = Xr + Xoffset,)
Y =UYr + Yoffset -

P~




05 10 15 20 25
Square root price m

Figure: On the left: the liquidity curve.
On the right: the CPMM relation on each range.

v Not all tick ranges can actually be used to update liquidity: the
ranges are a multiple of a fixed number §.. of ticks, which is
ruled at the setting of the pool, according to the swap fees ¢.

v' A range of §, ticks is called unitary range.
v One tick is 1 basis point.

v 0, =2,10,60,200, according to swap fees
¢ = 0.01%, 0.05%, 0.3%, 1%

«O> «Fr o«

it
-

it
v

iy

DA



Quantitative
modelling of risks
in Decentralized
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Automated
Market Maker
Uniswap v3

Value of a LP position in a unitary range

For R = [my, ), define the projected square root price function:

m, if m, < mo,

T — 7k = e if mg < 7y,

7 otherwise.

Theorem (Vp on a unitary range)

Adding a liquidity AL on the unitary range R at time 0 gives that the
Y -value of the LP position equals to

Va(t) = AL gr(pe) with gr(pe) = (1R - 1) Pt (7R — ),

e Ty

given as a function of the square root price 7 := \/p; at time t.

Value of the pool for 3 different price ranges (orange,
blue, green). The dashed vertical lines in each color
represent the considered unitary ranges in the vari-
able price p. The dashed horizontal lines represent
the initial value of the pool for the price py depicted
in red.
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Value of a LP position with arbitrary liquidity curve

Theorem (Vp on multiples ranges)

Consider a liquidity provider adding a liquidity curve (AL, ), to the
pool at time t = 0. Then, its Y-value net of swap fees at time t is

+oo Tt
vp(t):pt~/ AL”c17r+/ ALydr.
™ 0

T2

t

v/ Remarkably simple! Valid for any occurence of swap trades or
other mint/burn events.

Corollary (Greeks of Vp)
The Delta and Gamma of the Y -value of the LP position is

Ap(t) = dr, TH(t)=-——2 rs(t)=— .
p(t) e p(t) o3 p(t) 2

/+°° AL, AL - ALy,

In particular, such a position is always concave in the spot rate.

v Any market move leads to (impermanent) loss for the LP
v The negative gamma is compensated by fees: (see-later)



v Contrarily to Uniswap v2 pools, fees are not considered as

additional tokens in the reserves of the Uniswap v3 pool

open problem for approximation fees in Uniswap v2

for Y at t; in R, then

v Uniswap v3 fees are concentrated specifically on each range
v If aX is the number of tokens added by a swap trader to swap X

AOE =

X
2 .

1—
swap X for Y at t; in R ¢
Similarly for Y

4
L;
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v Contrarily to Uniswap v2 pools, fees are not considered as

additional tokens in the reserves of the Uniswap v3 pool

open problem for approximation fees in Uniswap v2

for Y at t; in R, then

v Uniswap v3 fees are concentrated specifically on each range
v If aX is the number of tokens added by a swap trader to swap X

AOE =

X
2 .

1—
swap X for Y at t; in R ¢
Similarly for Y

4
L;

v @ Getting a simple formula for the fees requires a model for the
sequence of stochastic aX and a)
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Quantitative .
rdeling o Analytical formula for fees
Finance

T Theorem (Fees in X and Y accumulated over [0, T1])

Assume
v Angeris [AKCt21] arbitrage model : the swap trades occur when

the latent price process (pt): changes by ¢%
tit1 = inf {t > tiipr= pt,-(]- aF (ZS)il}

Automated
Market Maker
v The latent price process follows an It6 dynamics of the form

Uniswap v3

% = pedt + o dW,

Pt

Then, the following convergences hold in probability (as ¢ — 0):

+o0 Ab( )

X T\P
Feesy_,+ — A ALb% 1. b5/2 db,

+o0o Ab( )

4 T\P
FeebO*)T — ALb% a. b3/2 db7

0

where A% (p) is the local time of p at level b and time T.
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As a consequence, the value of the global LP-position is

< AL, e
J(t, (ALz)x) = pt/ 2 dr +/O AL dr
+o00 Ab (P) +o00 Ab (p)
T T
+ pt A ALb%4.b5/2db+ A ALb%4.b3/2db'
Next questions J

v When to exit? optimal stopping problem?

sup E [J(t,(ALx)x)],
teT (RT)

where the set T(R™) is the set of F-stopping times taking finite
non-negative values with probability 1.

v In which ranges to invest (add liquidity)?



Quantitative As a consequence, the value of the global LP-position is
modelling of risks
in Decentralized

Finance AL
Emmanuel Gobet J(t, (ALﬂ.)ﬂ.) = pt/ ,n.
+oo Ab( ) +oo Ab( )
TP 0 ALb2 4. b5/2db+ ALbz 4. b3/2 T and
Next questions J
Automated v When to exit? optimal stopping problem?

Market Maker
Uniswap v3

sup E [J(t,(AL:)x)],
teT (RT)

where the set T(R™) is the set of F-stopping times taking finite
non-negative values with probability 1.

v In which ranges to invest (add liquidity)?

Theorem

It is systematically better for the LP to burn each piece of liquidity
AL, at different times than to burn the entire liquidity curve (ALy)
at once.
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Now

v consider a single unitary range R and a unit liquidity, then the
value of the LP position is

1 t _ 1 [t
Jr(t) = gr(p:) + Zpt / UEPS 1/21p56Rd5 + 1 / U?Psl/zlpseRdS
Jo Jo
v/ assume that p is martingale.

Theorem

The value
Up = esssup E[J(s)| ]
SET([t,+00))
is a super-martingale, which admits a right-continuous modification.
If is finite with probability one, it is the
smallest optimal stopping time. If P(t3 < oo) < 1, there is no
optimal stopping time.

Theorem

sup;e7w+) E[Jr(t)] is invariant by time-change and thus, it can be
computed in the case 0 = 1 (Dambis-Dubins-Schwarz time-change).



In the case of martingale GBM case, there is no optimal stopping
time and the sup is computed along sequences of stopping time
increasing to +oco: the LP has better to stay in the pool forever.
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Theorem

In the case of martingale GBM case, there is no optimal stopping
time and the sup is computed along sequences of stopping time
increasing to 400!

Proof.

v/ Consider e-optimal stopping times

v/ Show that the sup can be computed by maximizing over exit times
from intervals [e, \] for £ | 0 and A > 0

v Use explicit formulas (GBM) for occupation time measure stopped
at exit times

v/ Optimize to get the result



Consider the return with rate ¢, and stop at the exit time from [0, A]
A 02 t>\ 1/2

VA<(po) :=1E[e‘“ 8R(Per) + P / e~ 1, crds

0

o2 [t
+ T/o e pi/?1perds | Po]-
The best value for the LP is

sup V(o).
A>0

If ¢ is too high, then one could expect that the above value equals to
the initial investment ggr(po), i-e. the LP can not beat such target
return and he has better to exit immediately (A = pp).
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Equivalent interest rate of return ¢* for the LP:

V)\,c
c* = max{c>0:sup(po) >1}.
x>0 &r(po)

v/ ¢* depends on R, on py and on the volatility o
v By time-scale argument, we have c* (<. py.0) = o - c* (R, pp, 1).
Using PDE methods, one can compute c*(R, pp, 1) and get

rﬁ‘\_
0.424

. i i
0.: LH
0.:

. S/ i
0sta

0.41: Hf

0.

Return rate c*

2980 3000 3020 3040 3060 3080 3100 3120 3140
Po

v It is better the LP adds liquidity in the unitary range R such
that pp € R
v For 50% volatility, the expected return is 0,425 ikQ.52 % 10.6%Y



What we have seen:

v/ Fragmented market: need for statistical modeling in large
dimension, with robust techniques

v  Lending-borrowing protocol: appealing but liquidation risk is
here. What about systemic risk?

v Uniswap v3: asymptotic analysis can be applied to assess the
returns for LP

and still a lot of research needs on these topics.
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Conclusion

What we have seen:

v/ Fragmented market: need for statistical modeling in large
dimension, with robust techniques

v/ Lending-borrowing protocol: appealing but liquidation risk is
here. What about systemic risk?

v Uniswap v3: asymptotic analysis can be applied to assess the
returns for LP

and still a lot of research needs on these topics.

But many quantitative issues also on:

v  Implied volatility: lack of standardization of products, how to
compare option prices on similar tokens?

v Derivatives: Futures, Perpetuals... need for arbitrage modeling.
v Interest rate modeling: no central bank, fragmented view point
v Stable coin
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Conclusion

What we have seen:

v/ Fragmented market: need for statistical modeling in large
dimension, with robust techniques

v/ Lending-borrowing protocol: appealing but liquidation risk is
here. What about systemic risk?

v Uniswap v3: asymptotic analysis can be applied to assess the
returns for LP

and still a lot of research needs on these topics.

But many quantitative issues also on:

v  Implied volatility: lack of standardization of products, how to
compare option prices on similar tokens?

v Derivatives: Futures, Perpetuals... need for arbitrage modeling.
v Interest rate modeling: no central bank, fragmented view point
v Stable coin

Thank you!
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